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Fixed-bed reactors are commonly used in industry for het-
erogeneous catalytic processes. There are two groups of mod-

Ž .els applied in modeling of this type of apparatus: 1 pseudo-
homogeneous models assume the same temperature and
component concentrations in the fluid bulk and catalyst par-
ticles. Because of this assumption, the model is described by
a PDE only for the fluid phase. Despite their low accuracy in
most cases, pseudohomogeneous models are relatively easy

Ž .to solve and they are commonly used to describe reactors. 2
Heterogeneous models, in contrast to pseudohomogeneous
ones, give results with quite good accuracy. They are de-
scribed by PDEs, both for the fluid and for the catalyst pel-
lets, but they are difficult to solve. The widely reported way
to avoid this drawback is to use an effectiveness-factor con-
cept. This concept reduces the equation set of the heteroge-
neous model and makes the solution much easier to obtain.
Unfortunately, for most cases, finding the proper value of the

Žmentioned factor is a difficult andror lengthy task see also
.Szukiewicz et al., 1998 limiting the application of heteroge-

neous models.
Another way to simplify the mathematical model is widely

reported for the diffusion and adsorption processes. In this
approach the PDE for the mass balance in a pellet is re-

Ž .placed by a proper ODE the so-called ‘‘approximate model’’ ,
simplifying greatly the model solution with the same or only
slightly poorer accuracy. As a result, a number of approxi-
mate models have been developed. These models differ from
one another with respect to accuracy and validity ranges. One
can find more information, for example in the papers by Goto

Ž . Ž .and Hirose 1993 , or Zhang and Ritter 1997 . Here, only
the linear driving-force approximation proposed by Glueck-

Ž .auf 1955 is presented. In dimensionless form this approxi-
mation can be written as:

­ ca®
s15 ? c yc . 1Ž . Ž .s a®­t

This formula is distinguished from other models by its sim-

Žplicity and its validity. It is almost classic one can say ‘‘stan-
.dard’’ , and is the approximation formula cited most often. It

has been used, for example, in the analysis of chromato-
Ž .graphic processes Raghavan and Ruthven, 1985 , packed-bed

Ž .adsorption Morbidelli et al., 1982; Doong and Yang, 1987 ,
and, recently, in nonlinear multicomponent chromatography
Ž .Kaczmarski, 1996; Kaczmarski and Antos, 1996 .

To make use of this idea of model approximation for diffu-
sion and chemical reaction processes, other models should be
developed. Some approaches that approximate a mass bal-

Ž .ance in a porous particle have been advanced. Kim 1989
has proposed two linear driving-force formulas. The accuracy
of the better of them is good, but it first requires calculation
of as many as three coefficients, and second computation of
surface-concentration derivatives. Finding the derivative is
difficult if the surface concentration cannot be described by
an analytical function, which is not uncommon in practice.
Moreover the individual terms of the model}accumulation,
rate of mass transfer, and reaction rate}no longer have their
physical meaning. In the initial basis equation one can find
the terms given previously without any problem, whereas in
Kim’s model it is difficult if not impossible. Goto and Hirose
Ž .1993 have presented a number of approximate models that
are free of the disadvantages cited. Unfortunately, even in
their own opinion, the accuracy of the proposed formulas for
diffusion and reaction processes are unsatisfactory. The for-
mulas are not valid for larger values of the Thiele modulus.
Note that all models mentioned are analogous to Glueckauf’s
formula for diffusion processes.

In the present work an approximate model is developed
that is valid for diffusion]reaction processes and that is free
of the drawbacks of earlier models. The approximate, linear

Ž .driving-force LDF formula, which is also analogous to
Gluackauf’s formula, has been derived. The accuracy of the
developed model is very high. Moreover, the method applied
here for derivation of the approximate model can be useful
not only for diffusion and reaction process in porous cata-
lysts, but also for any process that takes into account internal
diffusion, adsorption, and the like.
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Theory
A mass-balance equation for unsteady-state diffusion and

first-order reaction in a porous spherical particle can be de-
scribed by

­ c 1 ­ ­ cA A2s D ? r ? y k ? c , 2Ž .ef , A 1 A2 ž /­ t ­ r ­ rr

with

IC: ts0 c 0, r sc 3Ž . Ž .A A , in

BC: t)0 c t , 0 sextremumŽ .A

­ cA
it is equivalent to s0 4Ž .ž /­ r r s 0

c t , R sc t . 5Ž . Ž . Ž .A A , s

Equation 2 can be rearranged to a dimensionless form:

­ c 1 ­ ­ c
2 2s x ? yF ? c 6Ž .2 ž /­t ­ x ­ xx

IC: t s0 c 0, x sc 7Ž . Ž .in

BC: t )0 c t , 0 sextremum 8Ž . Ž .
c t , 1 sc t , 9Ž . Ž . Ž .s

where

r c DA ef , A
xs cs t s ? t2R c RA , max

k1
Fs R .(Def , A

The LDF formula will be searched in the following form:

­ cav 2s a ? c yc yF ? c . 10Ž . Ž .s a® a®­t

Generally a varies with time, but it is commonly treated as a
constant value in approximated formulas. The volume-aver-
aged concentration c can be calculated asav

1 2c s3 ? c ? x ? dx. 11Ž .Hav
0

The substitution

q t , x s x ? c t , x 12Ž . Ž . Ž .

converts Eq. 6 to

­ q ­ 2q
2s yF ? q 13Ž .2­t ­ x

IC: t s0 q 0, x s x ? c 14Ž . Ž .in

BC: t)0 q t , 0 s0 15Ž . Ž .
q t , 1 s1 ? c t sc t . 16Ž . Ž . Ž . Ž .s s

If one now defines

`
yptQ p , x s p ? e ? q t , x ? dtŽ . Ž .H

0

Laplace-Carson transform . 17Ž . Ž .

In the text below, capital letters are used to describe the
complex functions corresponding to the real functions. In the
Laplace-Carson transform, defined analogously as Eq. 17, one
can obtain

­ 2Q
2p ? Qy p ? x ? c s yF ? Q 18Ž .in 2­ x

BC: Q p , 0 s0 19Ž . Ž .
Q p , 1 sC p . 20Ž . Ž . Ž .s

Ž .The solution of Eq. 18 with its conditions Eqs. 19 and 20
presents

2'sinh F q p ? xp ? c p ? cž /in in
Qs C y ? q ? x . 21Ž .s 2 2ž / 2F q p F q p'sinh F q pž /

According to Eq. 11, C can be described asav

1 12C s3 ? C ? x ? dxs3 ? Q ? x ? dx. 22Ž .H Hav
0 0

Substitution for Q and integrating results in the following
equation:

p ? c 1in
C s3 ? C y ?av s 2 2ž /F q p F q p

2 2 2' ' 'F q p ?cosh F q p ysinh F q p p ? cž / ž / in
? q ,22 F q p'sinh F q pž /

23Ž .

which can be easily rearranged to

1 p ? cin
? C yav 2ž /3 F q p

2 2'F q p ? sinh F q pŽ . ž /
?

2 2 2' ' 'F q p ?cosh F q p ysinh F q pž / ž /
p ? cin

q sC . 24Ž .s2F q p

And now successively
v Subtracting C ;av
v Multiplying by

2 2 2' ' 'F qp ?cosh F qp ysinh F qpž / ž /
3 ? ;

2 2'F qp ? sinh F qpŽ . ž /
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v Multiplying by

F2qpŽ .
y1

2 2 2' ' 'F qp ?cosh F qp ysinh F qpž / ž /
? 1y3 ;

2 2'F qp ? sinh F qpŽ . ž /
v

2And finally subtracting F ?Cav
to both sides of Eq. 24, one can obtain

2 2 2 2' ' 'F qp ? F qp ?cosh F qp ysinh F qpŽ . ž / ž /
2p ? C y pc s3 ? ? C yC yF ? C . 25Ž .Ž .av in s av av2 2 2 2 2' ' ' 'F qp ? sinh F qp y3 ? F qp ?cosh F qp ysinh F qpŽ . ž / ž / ž /

Although a time-dependent form of coefficient a in Eq. 10
is not known, Eq. 25 can be considered as the Laplace-Car-
son transform of Eq. 10. The analysis of these equations leads
to the conclusion that defining the coefficient a in the real
domain on the basis of Eq. 25 is easy when a is constant.

ŽThus, if it is assumed that lim a is finite a sconst. as tt™`

.approaches infinity , it can be calculated as

2 2 2 2' ' '3 ? F q p ? F q p ?cosh F q p ysinh F q pŽ . ž / ž /
lim a s lim

2 2 2 2 2t ™` p™ 0 ' ' ' 'F q p ? sinh F q p y3 ? F q p ?cosh F q p ysinh F q pŽ . ž / ž / ž /
F2? F ?cosh Fysinh FŽ .

s3 ? . 26Ž .2F ? sinh Fy3 ? F ?cosh Fysinh FŽ .

Denoted as

F2? F ?cosh Fysinh FŽ .
Cs , 27Ž .2F ? sinh Fy3 ? F ?cosh Fysinh FŽ .

Eq. 25 can be written as

p ? C y p ? c s3 ?C? C yC yF2? C . 28Ž .Ž .av in s av av

The inverse transform of this equation is

­ cav 2s3 ?C? c yc yF ? c 29Ž . Ž .s av av­t

IC: t s0 c sc . 30Ž .av in

It is easy to show that the initial condition denoted as Eq.
30 corresponds to the initial condition denoted as Eq. 7.

Reverting to dimensional variables, we obtain:

­ c 3DA , av ef , A
s ?C? c yc y k ? c . 31Ž . Ž .A , s A , av 1 A , av2­ t R

Equations 29 and 31, where C is given by Eq. 27, are long
time approximations for diffusion with chemical reaction pro-

Ž .cesses. If the chemical reaction is negligible F™0 , Eq. 29

becomes Glueckauf’s formula, Eq. 1, because

lim Cs5
F ™ 0

it can be calculated applying l’Hospital’s rule . 32Ž . Ž .

Results and Discussion
At the beginning of this part of the article the analytic so-

Ž .lution of Eq. 6 with its conditions Eqs. 7]9 is presented. It

is additionally assumed that

c s0. 33Ž .in

Ž Ž ..Then according to Kim 1989

`2 nq1c t , x s ? y1Ž . Ž .Ýx ns1

t
yl t l jn n? np ? sin np x ? e ? e ? c j ? dj , 34Ž . Ž . Ž .H s

0

where

l sF2 q n2p 2. 35Ž .n

ŽThe volume-averaged fluid phase concentration is according
.to Eq. 11

` t
yl t l tn nc s6 ? e ? e ? c j ? dj . 36Ž . Ž .HÝav s

0ns1

The accuracy of the LDF formulas proposed earlier was
tested in two steps for a wide range of Thiele modulus values
Ž .the c value was taken according to Eq. 33 :in

1. For the unit step change in surface concentration

c t s1. 37Ž . Ž .s

This is, one can say, the standard test for approximated equa-
tions.

2. For a time-dependent surface concentration

c t sc q A ? sin vt harmonic function . 38Ž . Ž . Ž . Ž .s 0
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Figure 1. Exact solution vs. LDF formula for unit step
change in the surface concentration for
smaller F values.

If in the preceding formula the ratio Arc is small, it can0
simulate oscillation of a substrate concentration in a reactor
inlet; if it is large, it can simulate a substrate concentration
change inside a reactor. From the engineer’s point of view,
the accuracy of the approximate model in the first test plays
a major role. Nevertheless, the second test is useful for a
better understanding of the constraints of the approximate
model.

Results obtained by using Eq. 29 were compared with the
Ž .exact analytic solution, Eq. 36. The case of no reaction pro-
Ž .cess Fs0 is also presented.

The results obtained for point number 1 are presented in
Figures 1 and 2. The average concentration approaches the
steady-state value as time passes. The accuracy of calcula-
tions using the LDF formula proposed here is excellent over
the entire range of F at steady state. At small values of t
differences between the exact solution and the LDF formula
are larger, as expected, but they are smaller at larger F val-
ues. Moreover, satisfactory compatibility of results is ob-
tained for the smaller times, when the Thiele modulus rises.
For Fs50 the LDF formula and analytic solution give the

Ž .same responses for even very short times see Figure 2 . The

Figure 2. Exact solution vs. LDF formula for unit step
change in the surface concentration for larger
F values.

Figure 3. Exact solution vs. LDF formula for sinusoidal
changes in the surface concentration for
smaller values of Thiele modulus; the effect of
frequency for small amplitude.

results presented confirm that the LDF formula obtained ap-
proximates very well the exact solution for ‘‘long times.’’ For
practical purposes for all t determined by the relation

5
t G , 39Ž .23CqF

the exact model and the approximate one give the same re-
Ž .sults error about 1% . This outcome clearly explains why the

larger the value of F, the better is the approximation.
Results obtained in point number 2 for the chosen values

Ž .of the parameters of the harmonic function Eq. 38 are pre-
sented in Figures 3 and 4. The proposed LDF approximation
also very accurately gives the average concentration changes
for the time-dependent surface concentration case. Only for

Ž .small values of F and the highest tested frequency v s20
does the calculation precision become slightly less satisfac-
tory. This confirms previous observations that the higher the
value of the Thiele modulus, the higher the accuracy of the
LDF formula.

Figure 4. Exact solution vs. LDF formula for sinusoidal
changes in the surface concentration for
larger values of Thiele modulus; the effect of
frequency for small amplitude.
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Conclusions
The linear driving-force formula, which approximates dif-

Žfusion with the chemical reaction processes such as hetero-
.geneous catalysis , is distinguished by the high accuracy of its

calculations and the simplicity of its form. The simplicity of
the form is important because it makes it possible to extend
the validity of the LDF formula, for example, to another type
of kinetic equation, in a relatively easy way. The formula has
been derived as a ‘‘long time’’ approximation, and its accu-
racy rises for longer times, as expected. A simple relation
that defines the validity range of the approximate model was
presented. It was shown, that the higher the value of the
Thiele modulus, the greater the accuracy of the calculations
for shorter times. This means that the proposed approxima-
tion can be used for higher Thiele modulus values for almost
the entire time scale.

The LDF formula presented was derived for first-order re-
actions. It also can be useful for an analysis of reactions not
in this category, provided that the nonlinear model is lin-

Žearized such as by using Taylor series expansion and truncat-
.ing with first-order terms and variables are interpreted as

deviations from the steady state. Such a method of model
analysis is commonly applied in the process control field.

Notation
Ascoefficient in Eq. 38

c, c sconcentration of component AA
c , c s volume-averaged concentration of component Aav A , av
c , c s initial concentration of component Ain A , in

c scoefficient in Eq. 380
c , c ssurface concentration of component As A , s

D seffective diffusivity of component Aef, A
k sreaction rate constant1
pscomplex variable
qsfunction defined by Eq. 12
rsposition in a pellet

Rsradius of a pellet
ts time

xsdimensionless position in a pellet
ascoefficient in Eq. 10
tsdimensionless time
js variable
vscoefficient in Eq. 38
FsThiele modulus
Cscoefficient defined by Eq. 27

The complex functions corresponding to the real functions in the
Laplace-Carson transform are described by capital letters.
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